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Topological phases of matter are protected from local perturbations and therefore have been
thought to be robust against decoherence. However, it has not been systematically explored whether
and how topological states are dynamically robust against the environment-induced decoherence.
In this Letter, we develop a theory for topological systems that incorporate dissipations, noises and
thermal effects. We derive novelly the exact master equation and the transient quantum transport for
the study of dissipative topological systems, mainly focusing on noninteracting topological insulators
and topological superconductors. The resulting exact master equation and the transient transport
current are also applicable for the systems initially entangled with environments. We apply the
theory to the topological Haldane model (Chern insulator) and the quantized Majorana conductance
to explore topological phases of matter that incorporate dissipations, noises and thermal effects, and
demonstrate the dissipative dynamics of topological states.
PACS numbers: 03.65.Vf, 03.65.Yz, 72.10.Bg, 73.20.At
Topological phases of matter are the most active re-
search fields in modern condensed matter physics to-
day [1–10]. They comprise several exotic quantum
phases such as topological insulators and superconduc-
tors [11, 12], Weyl semimetals [13], fractional quantum
Hall effect [14] and Majorana zero modes [15], etc. These
quantum phases of matter have been largely explored
during the last decade [8–12, 16, 17]. However, realistic
systems in nature have inevitable interactions with the
surrounding environments. When system-environment
interactions are not negligible, the dynamics of the sys-
tems are strongly influenced by dissipations and noises,
which has become the main obstacle in practical real-
izations of quantum computing. Although topological
phases of matter have been thought to be robust against
the environment-induced decoherence, a theory that in-
corporates dissipations, noises and thermal effects for
demonstrating such robustness has been barely estab-
lished. In this Letter, we attempt to develop a dissipa-
tive quantum theory for topological phases of matter.
In contrast to an isolated quantum system, whose
states are governed by Schro¨dinger equation, the quan-
tum state evolution of an open quantum system (the sys-
tem interacting with environment) is determined by the
master equation [18, 19]. Exact master equation for ar-
bitrary open systems has only been formally formulated
through the operator-projection method by Nakajima
[20] and Zwanzig [21]. However, in practice, very few sys-
tems can be solved from Nakajima-Zwanzig master equa-
tion [18, 19]. Therefore, most of investigations for open
quantum system dynamics are often based on the Born-
Markov approximation with Lindblad-type master equa-
tion [22, 23], including some recent applications to topo-
logical systems [24–26]. These investigations are valid
only in the weak system-environment coupling regime.
There are some exceptions that one can derive the
exact master equation for open quantum systems, us-
ing Feynman-Vernon influence functional approach [27].
∗Electronic address: wzhang@mail.ncku.edu.tw
A prototype example is the quantum Brownian mo-
tion (QBM), its exact master equation has been derived
[28–31] in 1980’s-1990’s. In the last decade, the ex-
act master equation has also been derived for a large
class of open systems described by particle-particle ex-
changes between the system and environments for both
boson and fermion open systems [32–36], from which
we also obtain the transient quantum transport theory
that can reproduce explicitly the Schwinger-Keldysh’s
non-equilibrium Green function technique [37, 38]. Very
recently, we have extended the exact master equation
for Majorano zero modes influenced by the gate-induced
charge fluctuations [39, 40].
In this Letter, we will derive novelly the exact master
equation and the transient quantum transport for nonin-
teracting topological insulators incorporating with initial
system-reservoir entanglement. Then we generalize the
theory to topological superconductors with Bogoliubov-
de Gennes Hamiltonian that has potential applications
in topological quantum computing. As a result, a dissi-
pative quantum theory for topological phases of matter
is established. We take the topological Haldane model
(Chen insulator) [3, 41] and the quantized Majorana con-
ductance in superconductor-semiconductor hybrid sys-
tems [15, 17] as two type applications, to clarify the role
of dissipations, noises and thermal effects in topological
phases of matter.
1. Open quantum systems with initial system-
environment entanglement for noninteracting topological
insulators. We begin with the open systems (either
bosons or fermions) coupled to their environments that
are described by the following Hamiltonian,
Htot(t) = Hs(t) +He(t) +Hse(t)
=
(
a† c†
) ·( s(t) Vse(t)
V †se(t) e(t)
)
·
(
a
c
)
, (1)
where Hs(t) and He(t) are the Hamiltonian of the
system and the environment, respectively, and Hse(t)
is the interaction between them. The notation a ≡
(a1, a2, a3, . . . )
ᵀ is a one-column matrix and ai is the an-
nihilation operator of the i-th energy level of the system.
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2Similarly, c ≡ (ck, ck′ , ck′′ , . . . )ᵀ and ck is the annihila-
tion operator of the continuous spectrum mode k of the
environment, while s(t) and e(t) are the spectra of the
system and the environment, respectively, and Vse(t) is
the coupling strength matrix between them.
Equation (1) is applicable to both topological and
non-topological open quantum systems. Topological
structures can be manifested through energy eigen-
wavefunctions. For open systems, states of the system
are described by the reduced density matrix which is
determined from the total density matrix (a highly en-
tangled state) of the system and environment: ρs(t) ≡
Tre[ρtot(t)]. The total density matrix is governed by the
von Neumann equation: ddtρtot(t) =
1
i~ [Htot(t), ρtot(t)].
Taking a partial trace over the environment states from
the von Neumann equation, we have
d
dt
ρs(t) =
1
i~
[Hs(t), ρs(t)] + a
†·A(t) +A†(t)·a
− (a·A†(t) +A(t)·a†), (2)
where the collective operator A(t) ≡
1
i~ Tre[Vse(t)·cρtot(t)] which contains all the influ-
ence of the environment on the system dynamics. Here
we have also used the fact that Tre[He(t), ρtot(t)] = 0.
Our aim is to carry out explicitly the partial trace in
the collective operator A(t), from which the master
equation can be novelly and straightforwardly obtained,
and also the noise, thermal effects and dissipations in
topological phases of matter can be explicitly explored.
For the initial system-environment decoupled or par-
titioned states [42]: ρtot(t0) = ρs(t0) ⊗ ρe(t0), where
ρe(t0) =
1
Z e
−βHe(t0) is the thermal state of the envi-
ronment, the exact master equation of Eq. (2) has been
derived [32–35], and the partial trace in the operator
A(t) has also been explicitly computed [33] using the
Feynman-Vernon influence functional [27]. Now we con-
sider the system and the environment in a partition-
free initial state, ρtot(t0) =
1
Z e
−βHtot(t0). In this situ-
ation, the system is highly entangled with the environ-
ment from the beginning so that the Feynman-Vernon
influence functional [27] is no longer applicable. In ex-
periments, most of realistic open quantum systems start
with a partition-free initial state. Typical examples are
various quantum devices which are usually equilibrated
to the environment before one starts to manipulate them.
One often uses different quench methods to drive the sys-
tem away from the equilibrium state to control the states
of the system or to study its nonequilibrium dynamics.
This can be practically realized by the time-dependent
parameters in Eq. (1).
Because of the quadratic nature of Eq. (1), with the
explicit time-dependent Hamiltonian Htot(t), the total
density matrix is drived away from the initially entan-
gled equilibrium state ρtot(t0) =
1
Z e
−βHtot(t0), but it al-
ways lives in a Gaussian-type state. Therefore, in co-
herent state representation [43], we have 〈ξ|ρtot(t)|ξ′〉 =
1
Z(t) exp(ξ
†·Ω(t)·ξ′), where |ξ〉 ≡ exp(a†·ξs + c†·ξe)|0〉
is the unnormalized coherent eigenstates of the particle
annihilation operators (a, c) with eigenvalue ξ = (ξs, ξe)
which are complex numbers for bosons and Grassmann
numbers for fermions, and Ω(t) =
(
Ωss(t) Ωse(t)
Ωes(t) Ωee(t)
)
is
the Gaussian kernel of the total density matrix. By
partially tracing over all the environment states, it is
not difficult to find that 〈ξs|A(t)|ξ′s〉 = 1i~Vse(t)·(1 ∓
Ωee(t))
−1·Ωes(t)·ξ′s〈ξs|ρs(t)|ξ′s〉, from which we obtain:
A(t) =
1
i~
Vse(t)·(1∓Ωee(t))−1·Ωes(t)·ρs(t)a, (3)
where the upper (lower) sign of ∓ correspond to boson
(fermion) systems. Substituting this result into Eq. (2),
we novelly obtain the exact master equation for the re-
duced density matrix of the system.
However, the key ingredient in the derivation of the
master equation is to characterize explicitly the dissi-
pation and noises induced by the environment, which
are embedded in the time-dependent Gaussian kernel
Ω(t). Our aim is to find the relation between Ω(t) and
the physical measurable quantities such that dissipation
and noise dynamics can be observed. Note that under
the Gaussian state, the Wick’s theorem is always valid,
and higher-order correlation functions can always be de-
composed in terms of the single-particle correlations. A
direct calculation shows that
ns(t) = Ωs(t)·(1∓Ωs(t))−1, (4a)
nes(t) = (1∓Ωee(t))−1·Ωes(t)·(1∓Ωs(t))−1. (4b)
where ns,ij(t) ≡ 〈a†j(t)ai(t)〉 and nes,ki(t) ≡ 〈a†i (t)ck(t)〉
are the single particle correlations, and Ωs(t) =
Ωss(t) ±Ωse(t)·(1 ∓Ωee(t))−1·Ωes(t) which is given by
〈ξs|ρs(t)|ξ′s〉 = 1Zs(t) exp(ξ
†
s ·Ωs(t)·ξ′s), and from which
one can also prove that aρs(t) = ρs(t)Ωs(t)·a.
Furthermore, the time evolution of the system opera-
tors ai(t) can be directly solved from Eq. (1) with the
Heisenberg equation of motion. The solution can be
written as a(t) = u(t, t0)·a(t0)+F (t), where uij(t, t0) ≡
〈[ai(t), a†j(t0)]∓〉 is the retarded Green function that de-
scribes the dissipation, and Fi(t) linearly depends on
ck(t0) that characterizes noises, see the explicit solution
given in supplemental materials [44]. Then
ns(t) = u(t, t0)·ns(t0)·u†(t, t0) + v(t, t), (5)
where v(t, t) generalizes the Keldysh’s correlation Green
function that also includes initial system-environment
entanglement [45]. Also, the electron transient current
flowing from the environment into the system is
I(t) ≡ −e d
dt
〈c†(t)·c(t)〉 = e
i~
Vse(t)·nes(t) + H.c.
= −e[κ(t, t0)·ns(t) + λ(t, t0) + H.c.], (6)
where the dissipation and noise coefficients
κ(t, t0) =
1
i~s(t) − u˙(t, t0)·u−1(t, t0) and
λ(t, t0) = u˙(t, t0)·u−1(t, t0)·v(t, t) − v˙(t, t) are also
determined explicitly by Green functions u(t, t0) and
v(t, t). Combining all the above results together, Eq (3)
becomes
A(t) =−[κ(t, t0)·aρs(t)+λ(t, t0)·(ρs(t)a∓aρs(t))], (7)
which captures explicitly all the dissipation and noises
induced by the environment. The master equation (2)
3and the transient current (6) simply become
dρs(t)
dt
=
1
i~
[
Hs(t), ρs(t)
]
+
[L+(t) + L−(t)]ρs(t), (8a)
I(t) = eTrs
[L+(t)ρs(t)] = −eTrs [L−(t)ρs(t)], (8b)
where the current superoperators L+(t)ρs(t) =
a†·A(t) +A†(t)·a and L−(t)ρs(t) = −a·A†(t)−A(t)·a†
carry the information current flowing into and out of the
system, respectively.
It is easy to check that for fermionic systems, Eq. (8)
reproduces the exact master equation and the transient
transport current incorporating with the initial system-
environment correlations given in Ref. [45]; For non-
interacting bosonic systems, except for a special case
[46], this gives a general dissipative theory incorpo-
rating initial system-environment entanglement. The
master equation and the transient current also have
the same universal form derived from the Feynman-
Vernon influence functional for the case of no initial
system-environment entanglement [32–35], whereas the
initial system-environment entanglement is fully embed-
ded into the correlation Green function v(t, t), as shown
in [45, 46].
2. Open systems for topological superconductors. Now,
we generalize the exact master equation to the open sys-
tems containing paring couplings to the environment,
such as the superconductor-semiconductor hybrid sys-
tems in the study of topological quantum computing.
Through a Bogoliubov transformation, the paring terms
in the Hamiltonian of the system or the environment
can always be switched into the coupling Hamiltonian
between the system and the environment. Then the gen-
eral Hamiltonian can be expressed as
Htot(t) =a
†·s(t)·a+ c†·e(t)·c
+
(
a† a
)( Vse(t) ∆se(t)
±∆∗se(t) ±V ∗se(t)
)(
c
c†
)
, (9)
where the last term is the Bogoliubov-de Gennes Hamil-
tonian matrix describing effectively the pairing processes
between the system and environment.
Following the same procedure, taking a partial trace
over the environmental states from the von Neumann
equation, one obtains the same master equation (2) for
the reduced density matrix ρs(t). The only difference is
the collective operator A(t) which is now given by
A(t) ≡ 1
i~
Tre[(Vse(t)·c+ ∆se(t)·c†)ρtot(t)]. (10)
Similarly, if one can carry out explicitly the partial
trace over the environmental states for the above op-
erator A(t), the exact master equation involving pairing
couplings can also be novelly and straightforwardly ob-
tained. Indeed, using the same procedure, we obtain(
A(t)
−A†(t)
)
=−K(t, t0)
(
aρs(t)
a†ρs(t)
)
−ZΛ(t, t0)
(
ρs(t)a∓ aρs(t)
a†ρs(t)∓ ρs(t)a†
)
, (11)
where Z = ( 1 00 ∓1 ), and K(t, t0) and Λ(t, t0) are given
later, see Eq. (13). Thus, the master equation for topo-
logical superconductor open systems with arbitrary pair-
ing couplings has exactly the same form as Eq. (8a) but
the collective operator A(t) is modified by Eq. (11).
Because the topological superconductor open systems
involving pairing interactions, the explicit form of the
master equation is more complicated. Substituting the
solution of Eq. (11) into Eq. (2), we get
d
dt
ρs(t) =
1
i~
[H ′s(t, t0), ρs(t)]
+
∑
ij
γij(t, t0)
[
2ajρs(t)a
†
i
− ρs(t)a†iaj − a†iajρs(t)
]
+
∑
ij
γ˜ij(t, t0)
[
a†iρs(t)aj ± ajρs(t)a†i
− ρs(t)aja†i ∓ a†iajρs(t)
]
∓ 1
2
∑
ij
{
λji(t, t0)
[
2a†jρs(t)a
†
i − a†ia†jρs(t)
− ρs(t)a†ia†j
]
+ H.c.
}
(12)
The first term is the renormalized Bogoliubov-
de Gennes Hamiltonian of the system H ′s(t, t0) =
1
2 ( a
† a )
(
E′s(t,t0) ∆
′
s(t,t0)
∆′†s (t,t0) ±E′ᵀs (t,t0)
)
( aa† ). The second and the
third terms describe the dissipation and noise dynam-
ics which are very similar to the cases without including
pairings [32–34, 45]. The last term comes from pairing-
process induced dissipation. Explicitly, those time non-
local dissipation and noise coefficients(
E′s(t, t0) ∆
′
s(t, t0)
∆′†s (t, t0) ±E′ᵀs (t, t0)
)
= Es(t) + ~
2i
(K(t)−K†(t))
= − ~
2i
(ZU˙(t, t0)U(t, t0)−1 −H.c.), (13a)(
γ(t, t0) γ
′(t, t0)
γ′†(t, t0) ∓γᵀ(t, t0)
)
=
1
2
(K(t, t0) +K†(t, t0))
= −1
2
(ZU˙(t, t0)U(t, t0)−1 + H.c.), (13b)(
γ˜(t, t0) λ(t, t0)
λ†(t, t0) 2γᵀ(t, t0)±γ˜ᵀ(t, t0)
)
= −Λ(t, t0)− Λ†(t, t0)
= ddtV(t, t)− (U˙(t, t0)U(t, t0)−1V(t, t) + H.c.),
(13c)
are all determined by the retarded and correlation Green
functions U(t, t0) and V(t, t) incorporating pairing in-
teractions [44]. Those matrices are Hermitian, so we
have E′†s (t, t0) = E′s(t, t0) and ∆
′ᵀ
s (t, t0) = ±∆′s(t, t0),
γ†(t, t0) = γ(t, t0) and γ′ᵀ(t, t0) = ∓γ′(t, t0), γ˜†(t, t0) =
γ˜(t, t0) and λ
ᵀ(t, t0) = 2γ′(t, t0) ± λ(t, t0). The exper-
imentally measured transport current flowing from the
environment into the system is given by
I(t) =
e
i~
Vse(t)·nes(t)− e
i~
∆se(t)·qes(t) + H.c., (14)
where qes,ij(t) ≡ 〈a†j(t)c†i (t)〉. From this transient cur-
rent one can study Majorana quantum transport dynam-
ics that we will discuss latter.
3. Applications. The first application is the topologi-
cal Haldane model which describes quantum Hall effect
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FIG. 1: (a) Haldane model with honeycomb lattices. (b)
Topological phase diagram of the Haldane model with Chern
number ν by varying the parameters M and φ in Eq. (15).
(c) The steady-state values of the occupation number of the
adatom in the bulk state (left) and in the zigzag edge state
(right), respectively, solved from the master equation.
in honeycomb lattice without magnetic field [3] and has
been experimentally realized with ultracold fermionic
atoms [41], and its Hamiltonian can be written as
H =M
∑
i
(
a†iai − b†i bi
)
− J1
∑
〈i,j〉
(
a†i bj + H.c.
)
+ J2
∑
〈〈i,j〉〉
(
eiφa†iaj + e
−iφb†i bj + H.c.
)
, (15)
where ai (bi) is the annihilation operator of A (B) site
electrons, and J1 and J2 are the nearest neighbor and the
next-nearest neighbor coupling strengths, respectively,
see Fig. 1(a). The energy difference M between A and
B sites breaks inversion symmetry, and the phase φ in
the next-nearest neighbor couplings breaks time-reversal
symmetry that topologically leads to quantum Hall ef-
fect. The non-trivial topological phase is located in the
region of |M | < 3√3|J2 sinφ| (see Fig. 1(b)), in which
the band gap is closed at the edge of lattice. Here we at-
tempt to dynamically probe this topological structure in
Haldane model from the open quantum system point of
view by coupling an adatom to the honeycomb lattices.
Putting an adatom (Ha = 0c
†
dcd) on the edges or
bulk of lattices, described by the coupling Hamiltonian
HI = V c
†
daj + H.c., where j is the coupled site, we
can study the dissipative dynamics of the adatom under
the influence of the topological structure of the Haldane
model. We treat the honeycomb lattice with the Haldane
Hamiltonian (15) as the environment of the adatom.
Then the solution of the reduced density matrix of the
adatom can be determined effectively by the occupation
number na(t) = Trs[c
†
dcdρs(t)]. By dynamically solv-
ing the occupation number of the adatom (initially oc-
cupied), we find that its steady-state solution manifests
the whole topological structure of the Haldane model, as
shown in Fig. 1(c), as a result of dissipation. In Fig. 1(c)
the dark color corresponds to the complete dissipation
(zero occupation in the adatom in the steady-state limit
but initially it is fully occupied) in the topological phase.
Such dissipation is built up only when the lattice en-
ergy gap closes, which occurs at the edge of non-trivial
topological phase, see the right plot in Fig. 1(c). This
provides indeed a very useful method of probing topolog-
ical structures for more complicated topological systems
through the study of dissipative dynamics of adatoms
(impurities).
Another application is the quantized Majorana con-
ductance in superconductor-semiconductor hybrid sys-
tem that has been very recently observed [15]. The
Hamiltonian of the total system is modeled as a tight-
bindingN -site p-wave superconductor, with its left/right
ends of superconductor coupled respectively with the
left/right leads. One can solve the large number chain
of superconductor with zero chemical potential [40], in
which two Majorana zero modes are localized at the ends
of the chain with exponentially decaying wave function
along the chain. Focusing only on the zero modes, we
have the interaction Hamiltonian of the zero modes cou-
pled with the two leads,
HI =
∑
k
(
c†L,k cL,k
)( V ′L,k ∆′L,k
−∆′L,k −V ′L,k
)(
b0
b†0
)
+
∑
k
(
c†R,k cR,k
)(V ′R,k −∆′R,k
∆′R,k −V ′R,k
)(
b0
b†0
)
.
(16)
where b0 is zero mode annihilation operator, and
V ′α,k =
√
1−δ2
2 (1 + δ
(N−1)/2)Vα,k, ∆′α,k =
√
1−δ2
2 (1 −
δ(N−1)/2)Vα,k. It shows that the tunneling strength V ′α,k
and pairing parameter ∆′α,k only depend on dimension-
less parameter δ = (∆ − w)/(∆ + w). And for large
N , the tunneling strength is almost equal to the pair-
ing parameter, which makes the superconducting system
evolve into a half-filled state.
Applying bias to the leads, one can measure the cur-
rent through the superconductor. From Eq. (14), we
study the transient current and transient differential con-
ductance of superconductor, and find a relation between
the spectral density and the conductance in the steady
state limit. Especially when two spectral densities Jα()
are same and symmetric, we have,
G(µ, t→∞) = ∫ dG0() ∂∂µf(µ, ), (17)
where G0(µ) = 1/
[(µ−∆′(µ)
J′(µ)/2
)2
+ 1
]
is the conductance
at zero temperature in the unit of 2e2/h, and f(µ, ) is
the Fermi-Dirac distribution, J ′() =
∑
α,k 2pi(|V ′α,k|2 +
|∆′α,k|2)δ(α,k − ) is the spectral density, and δµ′() =
P ∫ d′2pi J′(′)−′ is the corresponding energy shift, which is
anti-symmetric because of the symmetric spectral den-
sity. It shows that at zero temperature, the conductance
at zero bias is precisely the quantized Majorana con-
ductance, 2e2/~ [47], recently measured in experiment
[15]. It has a Lorentzian function shape deformed by
the energy shift and the decay rate, and thermal fluc-
tuations broaden and lower down the zero-bias peak by
convolution. The buildups of zero-bias peak are shown in
Fig. 2. The transient behavior of current in different bias
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FIG. 2: Buildups of zero-bias conductance peak in the time
domain at (a) zero temperature, (b) low temperature (kBT =
0.005W ), and (c) high temperature (kBT = 0.05W ). Here we
take J ′() = Γ
√
1− ( 
W/2
)2, which is solved from the tight-
binding model, and set height-width ratio as Γ/W = 0.095.
involves different frequencies, which induces the oscilla-
tion of differential conductance. It shows that Majorana
conductance is indeed the observation of the dissipation
and thermal fluctuations of the Majorana zero mode.
In conclusion, we novelly derive a dissipation the-
ory for noninteracting topological systems, which allows
one to investigate the dynamics of topological states
incorporating dissipations, noises and thermal effects.
By applying the theory to the Haldane model and the
quantized Majorana conductance in a superconductor-
semiconductor hybrid system, we demonstrate how dis-
sipation and noises make topological structures observed
in experiments. On the other hand, dissipation and
noises are the sources of decoherence. Therefore, topo-
logical states cannot be immune from decoherence.
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